The space L 
is also a Banach space. Here B X * is the closed unit ball of X * and | ν, x * | is the variation measure of ν, x * , for x * ∈ X * . The space L 1 (ν) was introduced and investigated in [14] , even for vector measures taking values in a locally convex Hausdorff space (briefly, lcHs). Since then, L 1 (ν) has been intensively studied in the Banach setting by many authors; see, e.g. [4, 25] and the references therein.
G. Stefansson introduced the space L 1 w (ν) of all (classes of) scalarly ν-integrable functions and showed that the same functional (1) above is a norm in L 1 w (ν) [28] . This is to be interpreted to mean that if f is scalarly ν-integrable, then f ν < ∞ and that (1) specifies a norm in L 
ν).
In contrast to L 1 (ν), the Banach space L 1 w (ν) has received relatively little attention up to now; see, for example, [12] , [25, Chapter 3], [28] . Recently however, new features of L 1 w (ν) have emerged, based on the theory of Banach function spaces, which indicate the importance of this space in its own right [3, 5] . In particular, it is closely related to the "optimal domain property" for certain kernel operators.
For a Fréchet space X and a vector measure ν : Σ → X , the corresponding (Fréchet) space L 1 (ν) is well understood;
see, e.g. [8] [9] [10] [11] 14, 21, 23, 24, 26] and the references therein. Although the notion of an individual scalarly ν-integrable function already occurs in the Fréchet and even more general lcHs setting [14, 16, 17] 
The space L
Let X be a metrizable lcHs generated by a fundamental sequence of increasing seminorms ( · (n) ) n∈N . The sets B n := {x ∈ X: x (n) 1} form a fundamental sequence of zero neighbourhoods for X and their polars B • n := {x * ∈ X * : | x, x * | 1, ∀x ∈ B n }, for n ∈ N, are absolutely convex [19, Theorem 23.5] . Moreover, {B • n : n ∈ N} is a fundamental sequence of bounded sets in the strong dual X * β (i.e., each bounded set in X * β is contained in a multiple of B • n for some n ∈ N). In addition, each set B • n , for n ∈ N, is a Banach disc [19, Lemma 25.5] , that is, the linear hull
is a Banach space when equipped with its Minkowski functional
• n . For each n ∈ N, the local Banach space X n is the completion of the quotient X/M n endowed with the quotient norm induced by · (n) , where M n := {x ∈ X: x (n) = 0}. Let π n : X → X n be the quotient map. Then its dual map π * n is an isometric bijection between the Banach spaces X * n and Lin(B • n ) [19, Remark 24.5(b) ].
Given a vector measure ν : 
The map ν n :
is a Banach-space-valued vector measure. Observe that A ∈ Σ is ν-null if and only if it is ν n -null for all n ∈ N. 
where, for the last equality, we use the fact that π * n is an isometry and so π * 
in that not all of their "integrals" belong to X . For X a Banach space, given any A ∈ Σ there always exists a "generalized integral" x * * A ∈ X * * satisfying
see [5, 16, 28] , for example. For X a metrizable lcHs, we now show that a similar phenomenon occurs. First some notation:
The continuous dual space (X * β ) * of X * β is denoted simply by X * * .
Proposition 2.3. Let X be a metrizable lcHs and ν be an X -valued vector measure
and so the Dominated convergence theorem for scalar measures yields
Hence, C := { A f k dν} is a bounded set in X . From the previous formula, we have
Remark 2.4. If X is weakly sequentially complete, then it follows that (w)-A f dν ∈ X , for every A ∈ Σ and every f ∈ L Proof. Fix n ∈ N. Let ν n : Σ → X n be the Banach-space-valued vector measure given by (3). Rybakov's theorem states that there exists ξ * n ∈ X * n such that | ν n , ξ * n | is a control measure for ν n (i.e. ν n and | ν n , ξ * n | have the same null sets) [6, p. 268] .
is a positive, finite control measure for ν; this follows from (6) 
ν for all n ∈ N, we get Noting that
Remark 2.6. Let X denote the completion of the metrizable lcHs X and letν denote the X -valued vector measure ν when interpreted as taking its values in X . Then
is always complete, independent of whether X is complete or not.
For L 
Let F be a Fréchet lattice with topology generated by a fundamental sequence of Riesz seminorms {q n } n∈N . We say that F has the σ -Fatou property if, for every increasing sequence (u k ) k contained in the positive cone F + (of F ) which is topologically bounded in F , the element u := sup u k exists in F + and q n (u k ) ↑ k q n (u), for each n ∈ N. Proof. Let μ be any control measure for ν. 
ν has the Fatou property as a function seminorm. 2
A representation theorem for Fréchet lattices
Let us begin with a summary of some fundamental properties of spaces of the kind L
(ν).
Let (F , τ ) be a Fréchet lattice. A positive element e in F is called a weak unit if, for every u ∈ F we have u ∧ (ne) ↑ u [13, 14I] . Note, for any vector measure ν with values in a metrizable lcHs, that the constant function χ Ω is a weak unit for both
We say that F has a Lebesgue (resp. σ -Lebesgue) topology, 
For F a Banach lattice, Proposition 3.1 occurs in [2] . In the setting of a Fréchet lattice F we refer to [7, Proposition 2.4(vi)], after reading its proof carefully, together with p. 364 of [7] . A similar but, somewhat different proof of Proposition 3.1 occurs in [21, Theorem 1.22] . Unlike in [7] , the proof given in [21] does not rely on the theory of band projections.
An element u of a Fréchet lattice (F , τ ) is σ -order continuous if it has the property that u k 
It is known that every Banach lattice E having the σ -Fatou property and a weak unit which belongs to E a , is Banach lattice isomorphic to L 
Proof. The proof proceeds via a series of steps.
(i) Since F satisfies the σ -Fatou property, F is σ -Dedekind complete and hence, so is F a . Therefore, F a is a σ -Dedekind complete Fréchet lattice with a σ -Lebesgue topology. Theorem 17.9 in [1] then guarantees that F a has a Lebesgue topology and is Dedekind complete. Since e is also a weak unit of F a , Proposition 3.1 ensures that there exists a measurable space (Ω, Σ) and a positive vector measure ν : Σ → F + a such that F a is Fréchet lattice isomorphic to L 1 (ν) via the integration map T := I ν . Moreover, (8) is also satisfied.
ν for all k ∈ N and all n ∈ N. Hence, (x k ) k is an increasing, topologically bounded sequence in F a ⊆ F . By the σ -Fatou property of F the element
and (8) we have
Let us see that this extension of T is well defined. First note
w (ν) and suppose that f k and g k are Σ -simple functions such that 0 f k ↑ f and 0 
Since this holds for every n ∈ N, we see that T is also injective.
(vi) T is surjective. Fix x ∈ F + . Since e is a weak unit of F , we have x k ↑ x, where x k = x ∧ (ke) 0, for k ∈ N. Moreover, Example 3.4. Any increasing sequence A = (a n ) n of functions a n : N → (0, ∞) is called a Köthe matrix on N, where increasing means 0 < a n a n+1 pointwise on N, for each n ∈ N. The Köthe echelon space λ ∞ (A) is the vector space λ ∞ (A) := x ∈ R N : a n x ∈ ∞ for all n = 1, 2, . . . , 
